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Definition (Normal Distribution)

Given a real-valued random variable X : 2 — R, it follows the normal
distribution with parameters p, o if the probability density function (pdf)
of X is given by f : R — Ry

1 _x=w?

Vx € R, f(x) =

A

It always denoted as X ~ N(u, o).

Given X ~ N(pu,0?), compute the following:

(a). E(X),E(X?), Var(X);

(b). E(|X]),E((X — K)T) with K fixed;

(c). E(e™X) for t fixed (Characteristic Function).

A

Note that f(t) := E(e™X) is called the Moment Generating Function.
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Suppose X ~ N (,uk,ai), Lk, 0k convergent, and X — X in L?. Show X
is a normal random variable with E[X] = lim s and Var(X) = lim o2

k .

Solution:

We claim that X, — X in L? implies X, — X in L. We accept this for
now.

Fix t € R and kK € N, consider the characteristic function:

E [‘eith . eitX|2] < t2]E [‘Xk . X|2]
— 0 as kK — oo.

It follows from the fact: Vx,y € R, a € R:

. . y y
e — e'¥| = |/ jae'®* ds| < |a|/ lds < |ally — x|
X X
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Therefore, e — X in L2. By the claim, ™ — X in L. Then

E( Ith) E(eitX) < E(|eith . ltX|)

ElLetF) = fiu B(et¥x ) = gly (et T3
Hence, X is normal as characteristic functlon uniquely identifies
distributions. Moreover, the characteristic functions of X coincides with
limit of that of Xi's. By continuity, we then deduce E(X) = lim py and
Var(X) = limo2.
The claim can be proven by Jensen's inequality or Cauchy-Schwarz
inequality.

,{'Ll/l/\ﬂ{ —— Z@/WU‘

eIt

B(|1 X, — X|) = E(y/[Xc — X]2)
< E(X — XP2)

— 0 as k — .
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Let (Y])jen be a sequence of i.i.d. random variables. For any
JEeENP(Y; ==£1) = % Define for n € N, X, = 27:1 Wi
Show that (X,)nen is @ martingale.

Solution:

In order to prove that (X,) is a martingale, we are going to verify by
definition.

1. Fix n e N.
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2. Fix n € N, denote F,, = o(Xo, ..., Xn).

]E(Xn—l—1|]:n) — IE:(Xn + Yn—l—l‘]:n)
— IE()<n|"rn) + E( Yn—|—1|Fn)
— Xn + ]E( Yn+1)
= X,

By 1 and 2, (X,,) is a martingale.

It still works when P(Y; =2) =z and P(Y; = —1) =
a martingale as long as the expectation is 0 (Exercise!

(X,) will still be

2
3
).
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